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Abst ract - -Th is  paper is concerned with the nonlinear fractional differential equation 
L(D)u=f (x ,u ) ,  u(0)=0,  0<x< 1, 
where L(D) = D ~ - a~_ lD s,~-1 . . . . .  a iD ~1, 0 < sl < s2 < ... < s~ < 1, and aj > 0, 
j = 1,2,... ,n -  1. Some results are obtained for the existence, nonexistence, and multiplicity of 
positive solutions of the above equation by using Krasnoselskii's fixed-point heorem in a cone. In 
particular, it is proved that the above equation has N positive solutions under suitable conditions, 
where N is an arbitrary positive integer. (~) 2005 Elsevier Ltd. All rights reserved. 
Keywords - -R iemann-L iouv i l le  fractional derivative and integral, Existence, Nonexistence, Mul- 
tiplicity, Cone, Fixed-point. 
1. INTRODUCTION 
Recently, much attention has been paid to the existence of solutions for fractional differential 
equations, see [1-9]. In particular, Zhang [9] considered the existence of positive solutions for 
equation 
DSu=f(x ,u ) ,  u(0) = 0, O<x<l ,  (1.1) 
where 0 < s < 1 and D s denotes Riemann-Liouville fractional derivative, by using the sub- and 
super-solution method. 
In 2003, Babakhani and Daftardar-Gejji [3] investigated the more general fractional differential 
equation, 
L(D) u=f (x ,u ) ,  u (0 )=0,  0<x<l ,  (1.2) 
where L(D)  = D s~ -a~_ lD  . . . .  1 . . . . .  a iD  ~1, 0 < s l  < s~ < . . .  < sn < 1, aj  > 0 ( j  = 
1, 2, . . . ,  n - 1) and D s~ is the standard Riemann-Liouville fractional derivative. Some results 
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were obtained for the existence of one positive solution to (1.2) by using the following fixed-point 
theorem. 
LEMMA 1.1. (See [10].) Let K be a normal cone in a partially ordered Banach space E. Let F be 
increasing on the segment (Xo, yo) and transform (xo, Y0} into itself, i.e., Fxo > Xo and Fyo <_ yo. 
Assume further that F is compact and continuous. Then, F has at/east one fixed point x* E 
(zo, yo). 
In order to apply Lemma 1.1 to obtain the existence results of (1.2), Babakhani and Daffardar- 
Gejji [3] imposed stronger conditions on the nonlinearity, i.e., f(x,  u) was increasing in u, for 
each x E [0, 1]. 
Very recently, we [6] applied a fixed-point heorem due to Krasnoselskii and Zabreiko [11] 
to (1.2) and obtained the following result. 
THEOREM A. (See [6].) Assume that f (x ,u)  = h(x)g(u) and 
(A1) ~-~ Ej=I  (aj/(s~ - sj)C(s~ - sj)) < 1; 
(A2) h e C([0, 1], [0, oo)) and there exists xo • [0, 1], such that h(xo) > O; 
(A3) g E C(R, R) and 
lim g (u) _ I. 
u---~OO l/, 
If I/I < d, where 
1 j= l  (Sn -- Sj)  r (S n --  Sj) LxE[0,1] J ' 
then, (1.2) has  a solution u* and u* # 0 when f(0) 7! 0. 
Motivated by [3,6,9,12,13], in this paper, we shall consider multiplicity of positive solutions 
of (1.2) and provide some sufficient conditions for multiplicity of positive solutions to (1.2) by us- 
ing a well-known fixed-point theorem on cone, which is due to Krasnoselskii [14-16]. In particular, 
we do not require that the nonlinearity f(x, u) is increasing in u, for each x C [0, 1]. 
LEMMA 1.2. KRASNOSELSKII FIXED-POINT THEOREM. Let E be a Banach space, and K be a 
cone in E. Assume ~1,  ~2 are open subsets o re  with 0 E f~l, ~: C ~2, and let 
(I) : K FI (~2\a l )  "-~ K 
be a completely continuous operator, such that either 
(i) I14~11 < IMI, v~ c K N cga 1 and I1¢)~11 _> I/~11, v~ ~ K n or~=, or 
(ii) ILe~ll >-- IML, v~ c K n Off, and I I~ql < I1~11, v~ c K n Of~2. 
Then, • has a fixed point in K N (~2\~2:). 
Throughout, we assume that the following conditions hold. 
(Hi) , -1 E,=:  (~j / (s~ - s j ) r ( , ,  - ~j)) < 1; 
(H2) f :  [0, 1] x [0, +oc) ~ [0, +cxD) is continuous. 
2. EX ISTENCE AND NONEXISTENCE 
First, we present some background material with regard to Riemann-Liouville fractional inte- 
gral and derivative. The papers [17-19] provide good references to this material. 
DEPINITtON 2.1. The ieft-sided Riemann-Liouviiie fractionaI integral of a function f of order a 
is defined as 
1 j{~ f (t) (2.1) 
Ia% f (x ) -  F(a) (x - t )  1-~dt' a>O,  x>a.  
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DEFINITION 2.2. The left-sided Riemann-Liouville fractional derivative of a function f of order c~ 
is defined as 
d n 7"~ - -  oz 
D;+f (x )= dx ~ [I:+ f (x) ]  n - l<a<n,  neN.  (2.2) 
We denote I~+f(x) by I2 f (x)  and D ~ f(x) by D~f(x).  Also, I~f(x)  and o'er(x) refer to a + 
Ig f (x )  and D~f(x),  respectively. If the fractional derivative D~f(x) is integrable, then, we know 
that [18] 
I :  (D~af (x)) = * : -Z f  (x) - [ I I -Zf (x)] (x - a) ~-1 ~:~ P (~) ' 0 </3 _< a < 1. (2.3) 
If f is continuous on [a, b], then, [Ii-Zf(x)]x=a = 0 and (2.3) reduces to 
I :  (D~f (x)) = I : -Z f  (x), 0 </3 < a < 1. (2.4) 
Let us denote by X = C[0, 1] the Banach space of all continuous real functions on [0, 1] endowed 
with the sup norm and by K the cone, 
K={ueX:u(x )>_O,  xe  [0,11}. 
Using (2.3) and (2.4), (1.2) is equivalent to the integral equation 
n- -1  
(x) = ~ aA~-~,~ (x) + z~f  (~, ~ (x)). 
j= l  
Suppose that the operator F : K --+ X is defined by 
n- -1  
F (u) (x) = E ajI~'~-~Ju (x) + I~-f  (x, u (x)), z e [0, 1], 
j= l  
then, it is easy to check that F : K ~ K is completely continuous and that fixed points of F are 
solutions of (1.2). 
For convenience, we denote 
(h) = max {f (x, u),  (x, u) e [0, 1] x [0, h]}, 
~b (h) = rain {f (x, u),  (x, u) e [0, 1] x [0, h]}, 
~o = limh--*0 ~h) '  ~ = l imh-~ 
~(h) 
- -  ~ - -  h ' 
~0 = limb--,0 ~b (h_____)) ~ = limh--,oo ¢ (h____~) 
h ' h ' 
J :~ (s~ - ~j) r (~  - ~j) ' B = s~r  (s~). 
It is obvious that 0 < A < B. 
THEOREM 2.1. Assume that there exist two positive numbers a and b, such that ~(a) < aA 
and ~(b) > bB. Then, (1.2) has at least one positive solution u* E K, such that 
min {a,b} _< ]lu*]l < max{a,b}.  
PROOF. Since 0 < A < B, it is easy to prove that a ¢ b. Let 
a~ = {~ c x :  II~[I < a} 
W'e claim that 
(i) [IF(u)ll < llull, for u E I( M 0f21, and 
(ii) ]IF(u)l] _> llulI, for ucKNO~2.  
and f~2 = {u ~ X :  I1~11 < b}. 
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To justify (i), let 
then, 0 _< u(x) <_ 11~11 = a, x e [0,1], and 
u ~ K n 0~1, 
f (x,u) < ~ (a) < aA, (x,u) e [0, 1] x [0, a]. 
It follows that  
n-1  
F (u) (x) = ~ ajI~"-~u (z) + I~"~f (x,u (x)) 
j= l  
< ~ r ( s~-  sj) (x _ t)~-(~o-~) 
kJ=l 
/0 1 
_< a xcIo,llmax L j=l F (s:-- sj) (x - t) 1-(s"-sD 
< a F (s~-- sj) max -- xe[O,1] (X -- t) 1 - (s~-s2)  
[ . j=l 
u =1 (s~ - ~j) r ( s .  - sj) + s . r  (~.) 
= a = Null, x c [0,1]. 
] dt + ~ (x -  t) l -~  dt 
A ~ 1 ] 
d t+~fo  (x - t ) l - s "d t  J 
A 1 ] 
dt + r (s~---5 x~m~,xl (x - t) 1 -~ ~t 
So, 
Next, we prove (ii). Let 
IIF (u)ll < Ilull , for u e K N Cgal. 
u c CnO~2, 
(2.5) 
then, 0 <__ u(x) < Ilull = b, z E [0, 1], and 
f(z,u)>_~(b) >_bB, (x,u) e[O, 1]x[O,b 1. 
It follows that 
n-1  
F (u) (1) = E ajI~"-~Ju(1) + I~"f (1,u(1)) >__ I~"f (1,u(1)) 
j= l  
1 /o l f ( t ,u ( t~ 5B /1 1 
- F (s.)  (1--~l---7"dt>-F(s.)Jo ( l - t )  1-s~dt 
bB 
- - -  - b = I lu ]k .  
snF (sn) 
So~ 
[IF (u)][ k Ilu]], for u E K N 0El2. (2.6) 
It follows from (2.5), (2.6), and Lemma 1.2 that F has a fixed point u* in K and u* is the 
desired positive solution of (1.2). 
COROLLARY 2.1. Suppose that infh>o(~a(h)/h) < A and suph>o(¢(h)/h) > B, then, (1.2) has 
at least one positive solution u* C K. 
Multiplicity of Positive Solutions 
COROLLARY 2.2. Assume that one of the following conditions holds, 
(i) _% < A and ~ > B, or 
(ii) _~ < A and ~0 > B, 
then, (1.2) has at/east one positive solution u* E K. 
EXAMPLE 2.1. Consider the fractional differential equation 
77 
L(D)u=(x+l )  ug~-~f, u(0)=0,  OKx<l .  (2.7) 
It is easy to see that 
~(h) = 2V~+ 1 and ¢(h)  =1,  
so Condition (ii) of Corollary 2.2 is satisfied, then, it follows from Corollary 2.2 that (2.7) has at 
least one positive solution. 
Our next result gives the nonexistence of (1.2). 
THEOREM 2.2. Let 0 < c < d < +c~. If one of the following conditions holds, 
(i) ~(h)/h < A, h E [c, d], or 
(ii) ~b(h)/h > B, h C [c, d], 
then, (1.2) has no positive solution u* C K satisfying 
~< Ilu* II ~< d. 
PROOF. It is enough to prove Case (i). The proof of Case (ii) is similar. 
Suppose u* e K is a solution of (1.2), such that c _< Ilu*ll < d. By Assumption (i), we have 
~ (llu*ll) < A tlu*ll. 
Thus, 
f (x ,u )  <_ ~(ll~*ll)< A llu*l[, (x,u) e [0, 1] x [0, %*11]' 
Noting 0 _< u*(x) <_ Ilu*ll, x c [0,1] and (2.8), we have 
(2.8) 
Ilu*ll = IIF (u*)]l 
.-1 ))] 
- max a3I ~ * ,u* (x )+ l~- f (x ,u  * 
xE[0,1] 
< Ilu*ll zero, 1]max L j=l F(s~--sy)  (x _ t)l-(s~-s~) 
n--1 aj x 1 
--< ]lu*II F (sg - - s j )  max xe[O,1] (X -- t) 1-(s~-sj)  
n--1 aj  A 
<-II~*ll ( sn -  s j ) r  ( s~-  sj) + snr (sn-----~ 
= Jl~*ll- 
] dt + ~ (x - -  t) 1-s~ dt 
dt + ~ ma× t)l-s~ dt 
xe[0,1] (X - -  
This is impossible. The proof is complete. 
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3, MULT IPL IC ITY  
We denote the integer part of l by [/] below. 
THEOREM 3.1. Suppose that there exist N + 1 positive constants al <_ a2 <_ ".. <_ aN+l, such 
that one of the following conditions is satisfied, 
(i) p(a2k-t)  < a2k-lA, k = 1, 2 , . . . ,  [(N + 2/)21, ¢(a2~) > a2kB, h = 1, 2 , . . . ,  [(N + 1)/21, 
or  
(ii) ¢(a2k-x) > a2k-lB, k = 1 ,2 , . . . , [ (N+ 2)/2], ~(a2k) < azkA, k = 1 ,2 , . . . ,  [ (N+ 1)/2], 
then, (1.2) has at /east  N positive solutions u~ E K, k = 1, 2 , . . . ,  N, such that 
a~ < I[~;ll < ak+l. 
PROOF. It is enough to prove Case (i). Since ~, tb : [0, +oo) --* [0,+cc) are continuous and 
0 < A < B, we claim that there exist ak < bk < ck < ak+~, k = 1 ,2 , . . . ,N ,  such that 
~(b2k-1)=b2k-lA, ~b(ezk-1) =c2k- lB ,  k=1,2 , . ,  v+q[N 2l _  
It follows from Theorem 2.1 that (1.2) has a positive solution u~ C K for every pair of num- 
bers {bk, ck}, such that ak < bk _< Ilu~[I _< ek < ak+1. The proof is complete. 
COROLLARY 3.1. Suppose that there exist three positive constants a1 <_ a2 <_ a3, such that one 
of the following conditions is satisfied, 
(i) qo(al) < alA, ~(a2) > a2B, 7~(a3) < aaA, or 
(ii) ¢(a l )  > alB, F(a2) < a2A, ~b(a3) > a3B, 
then, (1.2) has at least two positive solutions u~, u~ e K, such that 
COROLLARY 3.2. Assume that the following conditions are satisfied, 
(i) ~0 < A and ~ < A, 
(ii) There exists a positive constant b, such that 
(b) > bB, 
then, (1.2) has at least two positive solutions u~, u~ E K, such that 
o < IMI I  < b < Ilu~ll < +~,  
COROLLARY 3.3. Assume that the following conditions are satisfied, 
(i) (bo > B and ~oo > B, 
(ii) There exists a positive constant a, such that 
~o (a) < aA, 
then, (1.2) has at least two positive solutions u~, u~ E K, such that 
o < IMII < a < I[~[i < +~-  
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COROLLARY 3.4. Suppose that there exist four positive constants al <_ a2 <_ a3 <_ a4, such that 
one of the following conditions is satisfied, 
(i) ~(a l )  < alA, ¢(a2)  > a2B, ~(aa) < aaA, ¢(a4) > a4B, or 
(ii) O(a l )  > alB, ~(a2) < a2A, ¢(a3) > aaB, ~(a4) < a4A, 
then, (1.2) has at least three positive solutions u*l, u~, u~ c K,  such that 
COROLLARY 3.5. Assume that the following conditions axe satisfied, 
(i) ~ < A and (~o~ > B, 
(ii) There exist two positive constants b < a, such that 
(b) > bB and ~ (a) < aA, 
then, (1.2) has at least three positive solutions ul, u~, u~ c K, such that 
COROLLARY 3.6. Assume that the following conditions are satisfied, 
(i) 5o > B and qoc~ < A, 
(ii) There exist two positive constants a < b, such that 
(a) < aA and ~ (b) > bB, 
then, (1.2) has at least three positive solutions u~, u~, u~ e K, such that 
o < II il[ < a < I1  11 < b < I> 1[ < 
It is obvious that, for axMtrary positive integer N, similar results still hold. 
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